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ABSTRACT

Suppose f*(z) is a K*-qc self-homeomorphism of the unit disk U, where K* is
the minimum possible value among all qc mappings of U with the same
boundary values as f*. It is known that K* can be calculated by a variational
principle involving mappings of U harmonic with respect to admissible weight
functions. We examine the weight functions that correspond to the case when
the extremum for the variational principle is attained, and characterize the
corresponding mappings f*.

0. Introduction

For a quasiconformal (homeomorphic) or gqc mapping w = f(z) of the unit
disk U ={]z]|<1} onto U ={{w]|<1} we use the standard notations,

_ L - Yt k(z)_lfl+1f]
K!(Z)-‘é’ kf(z)_‘Kf(z)L Df(z)_l_k;(z)'“’le_,fz_l,

k[f]=esssup k;(z), K[f]=esssup D;(z) =%%H '

If H is a homeomorphism of dU onto dU we denote by Q(H) the class of qc
mappings of U onto itself with boundary values H. In order to avoid triviality we
assume that Q(H) is non-empty, and that H is not the boundary restriction of a
conformal mapping. The homeomorphism H then determines the extremal
maximal dilatation K* > 1, defined as

©.1) K*= inf KIf].

fEQH)
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If f€ Q(H)and if p(w)=0 (Jw]|<1)is a measurable function of w = u + iv
with [fi..<i p(w)dudv =1, one defines the Douglas-Dirichlet functional as

02) 9,071 || o(eN(LF+1f Paxay

If we let g(w)=f"'(w), it is easy to see that 9, can also be expressed as

- |gu 4|8l
2,(f1 JJM(I p(W)’gwlz 'gwlz dudv

%”W (w)[D (w)+D( )] du db.

In particular, it is clear from (0.3) that @, [f] < for all f € Q(H) and for any
admissible p(w).
It was proved in [3] that

0.3)

0.4) sup inf @,[f]=1 (K* +E1’) .
p fEO(H)

We refer to (0.4) as the Gerstenhaber-Rauch principle, because an analogous
conjecture (for compact surfaces rather than for U) was formulated by them {1].
The potential attractiveness of the extremal problem (0.4), as realized by
Gerstenhaber and Rauch (who, however, restricted themselves mainly to formal
aspects), is that the inside extremal problem,

inf @, ),
leads to the simple Euler condition (see Lemma 1.1, below, for details)

(0.5) p(f(2) f.f: = ¢(z) = holomorphic in U.

One refers to condition (0.5) as the condition that f(z) is harmonic in U with
respect to the weight function p(w). There is a large literature on harmonic
mappings. (See the monograph [2] and its bibliography.)

We shall be concentrating here on the question of when in the operation
sequence sup, inf; of (0.4) the inf and sup are simultaneously attained. We refer
to p, as maximal for the Douglas-Dirichlet functional for H if po(w) (| w] < 1) is
an admissible weight function, and if

0.6) inf @,(f]=1 (K* +f1—) .
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If fo€ Q(H), we call f, minimal for @, it Z,[fo] = inficoun D.[f]. On the
other hand, the term extremal mapping for H shall be reserved for an element
f* € Q(H) for which K[f*] = K*. It is well known that Q(H) must contain at
least one extremal mapping, but it is also known that there may be more than
one.

The simplest and most important general example of extremal mappings of U
onto U are the so-called Teichmiiller mappings corresponding to holomorphic
functions of finite norm. These are mappings f,(z) such that for some constant
ko, 0< ky,<1, one has

0.7) k()= ko ﬁ% (|z]<1),

where ¢,(z) belongs to the class B(U) of functions holomorphic in U with finite
non-vanishing L' norm

0<“‘P0”=jJ'U ]‘P()(Z)]dxdy < oo,

For every mapping of this type there exists [6] an associated holomorphic
function yn(w) determined by k, and ¢, with

0<)l = [ | 1w dsdo <

such that, for g,=f,',

0.8 — . W)
(0.8) Ko (W) k(,]%(w)l (jw|<1).

It is known [6] that if f, is of type (0.7), and if H, denotes the induced
boundary homeomorphism,

H()=folaU,

then f, is an extremal mapping for H,, and moreover it is the only extremal
mapping for H,.

Whether or not a maximal weight function exists depends on H. It turns out
(Theorem 2.1) that the only possible maximal weight function p, is po(w)=
[o(w)|, where o(w)€ B(U), and that any H which allows such a maximal
weight function must be the boundary correspondence induced by a correspond-
ing Teichmiller mapping f,. Moreover (Theorem 4.1), for such an H, fo is the
only minimal mapping. Thus, we have a complete description of when the
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operation “supinf” in the Gerstenhaber~Rauch principle can be replaced by
“max min”. Special cases of these results were previously obtained in [4].

Section 3 is devoted to an inequality (Theorem 3.1) of independent interest,
including a complete study of when equality can occur. The latter part of the
result is needed in the proof of Theorem 4.1.

1. Harmonic mappings

Let f(z) be quasiconformal with domain U, and let F(z) be a qc map of U
onto U. A straightforward computation leads to the transformation formula

a,f-F 1= a,01+2 | TEEE p@n s+ sy

(1.1

—4Re Jj —-l—m(;—(l)—’zw(z)dxdy,
where
(1.2) e(z)=p(f)f.f, z€U.

(In particular, it is clear that if F is a Mobius transformation, then @,[f°F '] =
2,[f]) We have

lol=[], le@laxay =[] ptnptfely auao =K.

Thus, ¢ € L'(U).
The following variational lemma occurs in formal form already in [1].

LeEmMma 1.1.  Let p(w), H be given. Suppose there exists fo € Q(H) such that f,
is minimal for 9

(13) @p [fO] e lg(fH) @p [f]
Then
(1.4 @o(2) = p(fo(2)) fo: for € B(V);

in particular, fi(z) is harmonic in U with respect to p.

PrROOF. Let A(z) be a complex-valued function of class C' in U with compact
support, and let

F.(z)=z +eA(2).
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Say, {A, [+]A;|= M. Then, if 0=|e|{< 1/M, F,(z) is evidently a qc mapping of
U onto U whose boundary values are the identity mapping. Moreover,

€A

kel2) =T, -

Applying (1.1) to foo F™' we see that a necessary condition for (1.3) is that

J‘L Azpo(2)dxdy =0.

Since we already know that ¢, € L'(U), the conclusion that ¢, € B(U) follows
by Weyl’'s Lemma.

For the qc mapping f satisfying (1.4) we see, by taking the absolute value of
both sides, that

(1.5) ko(2) =k (2) 242 Ghere ¢ € B(U).

| @o(2)]
Such a mapping is referred to as a generalized Teichmiiller mapping correspond-
ing to a holomorphic function of finite norm. Evidently, every qc harmonic
mapping is of this sort.

2. Maximal weight functions

If H is a boundary correspondence induced by a Teichmiiller mapping (0.7),
and if py(w)=|y(w)|, where d(w) is the associated holomorphic function, we
have K* = (1 + ko)/(1 — k), and one may verify that (0.6) is satisfied; that is, p, is
maximal. We will show that the following converse holds.

THEOREM 2.1. Let H be given. Suppose there exists a weight function po(w),
such that (0.6) holds. Then

(i) There is a unique extremal mapping f* in Q(H). It is a Teichmiiller mapping
corresponding to a holomorphic function ¢*(z) of class B(U):

* * _
@) e(2)= kit 2o ) e Kr-1

le*(2)|” SR

and satisfies

2) D,,[f*] = inf D[]
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(it) The weight function pw) is uniquely determined; namely,

pO(W) = l KP*(W)y H

where y*(w) (|¢*]|=1) is the holomorphic function of w determined by ¢* and
k* with the property that

() = — ex BT)
2.3) k(W)= =k e

PrOOF. (i) Let f* be an extremal for Q(H), and let g* = f*". For every
weight function p(w) we have

2,1f*] 2% J|W1<1 p(w) [Dg'(w)+Dg*1(w)] dudv é% (K* +%> )

Therefore, in view of (0.6),
1 1 . 1 1
5(K*+E;); D,[f*)Zint D7) =3 (K*+f;) .

So, equality must hold throughout:

e 2ol1°1= g, 2alf1=3 (K +55).
and, in particular,

(2.5) D,-(w)= K* ata.a.points where po(w)#0.
Let

(2.6)

¢*(2) = pulf* ()17 .
By (2.4) and Lemma 1.1, ¢*(z) € B(U), with

*|| — Zt Zi* — Kg'!W!
”‘P H Jjwq Po(w)’ftlz_lf;'z dudv jjlwkl pO(w)l—lKg-(w)lz dudv

k*
l_k*Z .

Since ¢*(z) is holomorphic and ||¢*| # 0, we see from (2.6) that

po(w)#0 ae.

So, in view of (2.5),

2.7 D,-(w)=K* ae.for|w|<l.
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Now, by (2.6),

ko (2) = kpo(2) 2L

le*(2)] "

Since, by (2.7), k-(z) = k* a.e., the proof of (i) is complete.
(ii) Locally,

w = f*(z) =V [ad* + ak* D*],

where ¢*(2) =®*(z), ¢*(w)="¥*(w)’; the constant a >0 can be chosen to
normalize | ¢*| and || *| as desired. Therefore,

Jowiz)=If2F = f2F = a0 = k) @9t
and
=[]l enlswizsdy = a0 -kle* = a'k.

By (2.6), therefore,

*roN _ a®*(z) ak*®*(z) _ ., . *(z
®*(z) = po(w) T (w) ¥ (w) =a’k Po(W)]_ﬁ‘;))',-

Thus,
[g*(w)| = a’k*po(w) = po(w),
providing we choose the normalizing parameter a as
a=1/Vk*

We note that a weight function which vanishes on a set of positive measure
cannot possibly be maximal.

3. A mean-dilatation inequality

Suppose f and f, are qc mappings of U onto U which agree on U, and
suppose «,(z) has the form (0.7). In Section 0, we referred to the known fact
that in this case

esssup D;(z) = K,,
lz]<1

and that equality implies that f=f,. The following result is considerably
stronger.
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THEOREM 3.1. Let w = fo(z) be a Teichmiller mapping of {|z|<1} onto
{|w| <1} with complex dilatation of the form (0.7). Let f(z) be a gc mapping of
{|z| <1} whose boundary values agree with those of f«(z). Then

6 [ le@in@aazk || el (K=158).

Equality holds in (3.1) if and only if f = f,.

Proor. Consider the inverse mappings go(w)=f5'(w), g(w)=f"(w),
|w|<1. ke (w) is given by (0.8). Except for the purely notational change of
replacing z by w and @q(z) by — io(w), (3.1) is equivalent to establishing that

3.1) Jjw|<1 |lf/o(W)ng(W)dudD§K0Jj’ . | o(w)| du dv.

w

We will prove that (3.1') is valid, and that equality in (3.1) can occur only when
8 = 8o

To derive (3.1') we use a basic inequality derived in [5]. Let ¢(z) be any
element of B(U), |¢ll=1, and let «,, and «, denote k(z) and «, (fo(2)),
respectively. Also, let p = fo., q = fo:. According to relation (1.2.8) of [5],
adapted to our current situation,

- [1+(B/p)kek o= [k 5+ (BIp)x @/l )
62 =[] el (1= T FYT= ) ey

An elementary computation shows that for any gc mapping g and its inverse f

B LE @)
g fofe
Thus, in (3.2), we can replace p/p by

P_ __ku2)
3-3) P Rulh@)

In the present case we apply (3.2), (3.3) with k(z) and «,(w) given by (0.7)
and (0.8). As the function ¢(z) of (3.2), we use ¢(z)= ¢,(z). We can actually
postulate that both normalizations

64 lel=[] tet@lacdy=1 and o= ][ 1waw)ldudo =1

wi<
hold if we represent w = fi(2) locally as
i

(35 w= fo(z)=\lra‘[\/T<—URed>o(z)+ \/?Imcbo(z)], eo=0F, Yo=V7.
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After simplification, (3.2) assumes the form

1+ ko
60 k=[] Je@lretlag  w=he)
or, since (3.5) implies
lo(w)|dudv =|@o(z)ldxdy  (w = ful2)),
the equivalent form

2
1+k0—K‘-£—‘)-

3.7) Ko = j j » L o(w)] Tw "g" du dv.

From (3.7) we immediately deduce assertion (3.1').
We shall now consider the consequences of equality in (3.1'). From the fact
that equality must then occur in (3.7) it follows that

(3.8) Ke (W)= — kg (w) rﬁ;ﬁ

Our objective is to prove that
(3.9 ke (w) = ko.

One cannot conclude that (3.9) holds merely from (3.8) and the fact that g and g,
agree when | w|=1. Instead, we go back to [5] to examine the consequences of
equality in (3.2). The derivation of (3.2) in [5] is based on a length-area method
involving lengths of trajectories of quadratic differentials in Teichmiiller metrics.
A straightforward analysis of the derivation indicates that equality in (3.2)
implies the following: Let B be an orthogonal trajectory of the quadratic
differential” yo(w)dw?; that is, let B be a curve such that

Po(w)dw’ <0, wepgB

Then the images, g(B) and g«B), under the two mappings z = g(w) and
z = go(w), must coincide:

g(B)= g«(B),

' An exposition of facts about quadratic differentials used in the remainder of this section may be
found in [7}.
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and the common image must be an orthogonal trajectory of the quadratic
differential ¢o(z)dz’.
Consider the directional derivative

dz

dw

]

of the mapping z = g(w) at the point w, in the direction 6, which exists at a.a.

points w, in all directions. Let us assume, first, that k, (w) # 0 at the point being
considered. In view of (3.8),

max |42

e |dw

]

is uniquely attained (at a.a. w) in the direction tangent to the (unique) B-curve
passing through w. On the other hand, if we consider the a-curves or
(“horizontal”) trajectories of yi(w)dw?, defined by

lllo(W)dW2>0, wE q,

it is evident, by (3.8), that these have the following two properties. Firstly, at a.a.
points there is a unique a-curve and a unique B-curve which cut each other
orthogonally; secondly, min, |dz/dw |, is uniquely attained in the direction
tangent to the a-curve.

For the mapping w = f(z) which is inverse to z = g(w), directions in which
| dw/dz | is respectively maximum and minimum correspond to the directions in
which |dz/dw | is respectively minimum or maximum. Since we saw above that
B-curves are mapped by g onto orthogonal trajectories of ¢4(z)dz?, and since at
a.a. points z the trajectories of ¢y(z)dz* cut the orthogonal trajectories of
@o(z)dz* at right angles, it follows that z = g(w) maps every a-curve onto a
trajectory of @o(z)dz’.

The conclusion that directions tangent to «a-curves are mapped by g onto
directions dz for which @¢(z)dz’ >0 also holds at a.a. points w where k, (w) =0,
since g is angle-preserving at a.a. such points. So, we can conclude that every
a-curve is mapped by g onto a trajectory ¢o(z)dz*>0. Of course, the
Teichmiiller mapping go(w) also maps a-curves onto trajectories @o(z)dz*>0;
thus, for every a-curve, both g(a) and gi(a) are trajectories of ¢,(2)dz>. We
claim, in fact, that g(a) and go(a) are the same. This follows, since g and g, have
the same boundary values, with the help of the following two facts:

(a) Almost all trajectories form cross cuts of U of finite length in the
Teichmiiller metric.
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(b) In view of the unique geodetic properties of trajectories these cross cuts
are uniquely determined by their pair of endpoints.

In summary, therefore, we have seen that when equality holds in (3.1'), then at
a.a. points w the images of the (unique) a-curves and B-curves through w are
the same under the two mappings g and g, and are, respectively, trajectories
and orthogonal trajectories of ¢4(z)dz’. Due to the geodetic properties, a
trajectory and an orthogonal trajectory of a quadratic differential holomorphic
in U can intersect in at most one point. So at each of these points w, g(w) is
uniquely determined as go(w). Clearly, therefore, g = g, on its domain U, and
the proof is complete.

4. Unique minimal mapping property

THEOREM 4.1. Let H be given. If there exists a maximal weight function po(w)
(i.e., a weight function for which (0.6) holds) then there exists one and only one
mapping fo € Q(H), such that D,\fi] =inficow D, If]. fo is a Teichmiiller
mapping corresponding to a holomorphic function of finite norm, and hence an
extremal mapping for H.

Proor. By Theorem 2.1, there exists a uniquely determined holomorphic
function ¢*(w) in B(U), with the property that

“.1) po(w) =g (w)l,

and there is a unique extremal map f* for H. The map f* is a Teichmiiller map,
corresponding to a holomorphic function ¢*(z) of finite norm, satisfying (2.1)
and (2.3).

Let f, = f*. According to (2.2), f, is minimal for @,,. Our objective is to show
that f, is the only minimal mapping for %,, in Q(H).

Suppose f € Q(H), and

Fulf]= Dulfil =5 (K +55)
Let g =f". By (0.3), (4.1),

@[] o P o =1 (k) < 1AL

Now

1+s . (1+s 11
I—SZ_G(l—S)’ where G(t)—z(t+ )



100 E. REICH AND K. STREBEL Isr. J. Math.

Since G(t) is a convex increasing function of ¢, t = 1, we conclude from (4.2), by
Jensen’s inequality, that

[ 1wl e o =115

Therefore, by Theorem 3.1, the above must be an equality, and we can conclude
by Theorem 3.1 that g = go=f5". Thus, f = f,.
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